Transverse Parton Distribution and Fragmentation Functions at NNLO: the
  Gluon Case by Luo, Ming-Xing et al.
Prepared for submission to JHEP
Transverse Parton Distribution and Fragmentation
Functions at NNLO: the Gluon Case
Ming-Xing Luo, Tong-Zhi Yang, Hua Xing Zhu, and Yu Jiao Zhu
Zhejiang Institute of Modern Physics, Department of Physics, Zhejiang University, Hangzhou,
310027, China
E-mail: mingxingluo@zju.edu.cn, yangtz@zju.edu.cn, zhuhx@zju.edu.cn,
zhuyujiao@zju.edu.cn
Abstract: We calculate in this paper the perturbative gluon transverse momentum depen-
dent parton distribution functions (TMDPDFs) and fragmentation functions (TMDFFs)
using the exponential regulator for rapidity divergences. We obtain results for both unpo-
larized and linearly polarized distributions through next-to-next-to leading order in strong
coupling constant, and through O(2) in dimensional regulator (finding discrepancy for the
linearly polarized gluon TMDPDFs with a previous result in the literature). We find a
nontrivial momentum conservation sum rule for the linearly polarized component for both
TMDPDFs and TMDFFs in the N = 1 super-Yang-Mills theory. The TMDFFs are used to
calculate the two-loop gluon jet function for the energy-energy correlator in Higgs gluonic
decay in the back-to-back limit.
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1 Introduction
Transverse Momentum Dependent Parton Distribution Functions (TMDPDFs) and Frag-
mentation Functions (TMDFFs) probe the transverse structure of hadrons. Analytical
calculations, phenomenological applications, and experimental determinations of the TMD
distributions play important role in understanding the structure of hadrons [1, 2].
TMDPDFs and TMDFFs have important applications in collider processes, such as
Drell-Yan [3–11] and Higgs production [12–19], top quark pair production [20–23], hadronic
J/ψ production, semi-inclusive deep-inelastic scattering [24–28], hadron or jet production
in electron-positron annihilation [29–34], and energy correlators in both e+e− and hadron
colliders [29, 35, 36]. The TMDPDFs and TMDFFs are intrinsically non-perturbative ob-
jects. However, at low transverse momentum but not yet into the non-perturbative region,
the TMDPDFs and TMDFFs admit light-cone operator product expansion onto the usual
collinear PDFs and FFs, with perturbative calculable matching coefficients. Knowledge for
these matching coefficients at higher orders are essential for achieving precision predictions.
In this paper, we present the results for the perturbative matching coefficients at
Next-to-Next-to Leading Orders (NNLO) for gluon TMDPDFs and TMDFFs. They are
relevant to the production and decay of the Higgs boson, top quark pair, and J/ψ at low
transverse momentum at NNLO or Nex-to-Next-to-Next-to Leading Logarithms (N3LL)
order. We also provide the bare results at NNLO through O(2), which do not contribute
to the renormalized TMD coefficients at this order, but are relevant for future N3LO
calculation. It is well-known that, direct calculation of the TMD matching coefficients
requires some form of regularization in addition to the usual dimensional regularization [1,
5, 24, 37–44]. In this paper, we adopt the exponential regularization scheme for the rapidity
divergences [42].
For the gluon TMD coefficients, the non-trivial spin structure leads to two independent
tensor structures in transverse impact parameter space. They are known as the unpolar-
ized coefficients and linearly polarized coefficients [45]. The linearly polarized coefficients
arise from helicity-flip contribution in gluon splitting, and are suppressed by one power
of αs compared with the unpolarized ones. Their contributions to physical cross section
have been discussed for diphoton production [46], Higgs production [15, 47–49], quarko-
nium production [50–52], γ∗ plus jet production [53, 54], heavy quark pair [55] and dijet
production [56]. In this paper we present results through O(α2s) (two loops) for both po-
larizations. For the linear polarization, this is formally at the NLO accuracy, since its
LO contribution already starts at O(αs). We note that with the two-loop linearly polar-
ized contributions presented in this paper, the linearly polarized ingredients needed for
N3LO calculation [19, 57] for Higgs production using the qT subtraction formalism [58] are
completed. The reason is that the pure three-loop linearly polarized component will not
contribute to the cross section at O(α3s), since the tree-level linear polarized contribution
vanishes, and its interference with the unpolarized contribution vanishes.
As a by-product of this calculation, we find an interesting momentum conservation sum
rule for the linearly polarized TMD coefficients in the N = 1 supersymmetric limit. The
sum rule imposes non-trivial constraint to the gluon-to-gluon and quark-to-gluon TMD
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coefficients, and are found to be satisfied by our two-loop results.
The unpolarized gluon TMDPDFs have been computed before using different regula-
tors for the rapidity divergences. Our results can be compared with them when combining
with the rapidity-regulator dependent TMD soft function properly [59]. We have done
this exercise and found complete agreement with Refs. [60, 61]. For unpolarized gluon
TMDFFs, results have also been given through NNLO [62]. Our results agree with them
for most of the terms, except for a term of the form C2Api
4δ(1 − z) in the gluon-to-gluon
TMD coefficient. We have also found similar discrepancy in the quark-to-quark coefficient
as reported in Ref. [63]. Very recently, the two-loop results for the linearly polarized gluon
TMDPDFs have been given in Ref. [64]. We have compared our results with Ref. [64]
by constructing rapidity-regulator independent TMDPDFs, and found discrepancy with
Ref. [64]. We have performed several checks to our calculations, which will be explained
below.
This paper is organized as follows. In Sec. 2, we give the bare and renormalized results
for the gluon TMDPDFs through NNLO. In Sec. 3, we give the bare and renormalized
results for the gluon TMDFFs through NNLO. In Sec. 4 we use the gluon TMDFFs to
calculate the gluon jet function, which is relevant for the Energy-Energy Correlations for
Higgs gluonic decay in the back-to-back limit. We conclude in Sec. 5. We collect the
relevant perturbative ingredients in the appedix A.
2 Gluon TMDPDFs
The bare gluon TMDPDF can be defined in terms of SCET [65–69] collinear gauge fields
Bbare,µνg/N (x, b⊥) = −xP+
∫
db−
4pi
e−ixb−P+/2〈N(P )|Aa,µn⊥(0, b−, b⊥)Aa,νn⊥(0)|N(P )〉 , (2.1)
where Aa,µn⊥ is the gauge invariant collinear gluon field with color index a and Lorentz index
µ. For sufficiently small b⊥, the gluon TMDPDFs admit operator production expansion
onto the usual collinear PDFs,
Bbare,µνg/N (x, b⊥) =
∑
i
∫ 1
x
dξ
ξ
Ibare,µνgi (ξ, b⊥)φbarei/N (x/ξ) +O(b2TΛ2QCD) , (2.2)
where the summation is over all parton flavors i. The coefficient functions can be decom-
posed into two independent Lorentz structures,
Ibare,µνgi (ξ, b⊥) =
gµν⊥
d− 2I
bare
gi (ξ, bT ) +
(
gµν⊥
d− 2 +
bµ⊥b
ν
⊥
b2T
)
I ′baregi (ξ, bT ) , (2.3)
where we have defined two scalar form factor Ibaregi and I
′bare
gi , which can be projected out
using
Ibaregi (ξ, bT ) = gµν⊥ Ibare,µνgi (ξ, b⊥) ,
I ′baregi (ξ, bT ) =
1
d− 3
[
gµν⊥ + (d− 2)
bµ⊥b
ν
⊥
b2T
]
Ibare,µνgi (ξ, b⊥) , (2.4)
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with b2T = −b2⊥ and bT =
√
b2T .
The matching coefficients Ibare,µνgi (ξ, b⊥) in Eq. (2.2) do not depend on the actual
hadron N . In actual calculation, one can replace the hadron N with a partonic state j.
Furthermore, the usual bare partonic collinear PDFs are just φbarei/j (x) = δijδ(1−x), so one
has
Ibare,µνgi (x, b⊥) = Bbare,µνgi (x, b⊥) . (2.5)
The TMDPDFs, as well as their matching coefficients, contain both UV and rapidity
divergences. We adopt dimensional regularization for the UV, and exponentional regular-
ization [42] for the rapidity divergences. In the following subsection, we present the bare
results for the coefficient functions through two loops in QCD.
2.1 The bare results
The relevant diagrams for gluon TMDPDF through two loops are generated with the code
Qgraf [70]. We use an in-house Mathematica code to substitute in the SCET Feynman
rules, and use Form [71] to carry out necessary color and algebra manipulation. We employ
reverse unitarity [72] to convert phase space integral into loop integral for the purpose of
integral reduction. We use Fire5 [73] and LiteRed [74] to reduce the integrand into
the so-called master integrals by Integration-By-Parts identities [75]. The resulting master
integrals have been solved in Ref. [63] using differential equation method [76, 77]. For the
details we refer to Ref. [63].
The bare coefficient functions can be expanded in terms of QCD bare coupling as
Ibare,µνgi (ξ, b⊥, µ, ν, , α0) =
∞∑
k=0
(
α0S
4pi
)k
I(k)bare,µνgi (ξ, b⊥, µ, ν, ) , (2.6)
and similarly for the form factor Ibaregi and I ′baregi , where S =
(
4pie−γEµ20/µ2
)
. The one-
loop bare coefficient functions up to O(2) are
I ′(1)baregq = 2CF rb(x)
(
2 + 2L⊥+ (L2⊥ + ζ2)
2
)
,
I ′(1)baregg = 2CArb(x)
(
2 + 2L⊥+ (L2⊥ + ζ2)
2
)
,
I(1)baregq = −
2CF pgq(x)

+ CF (2x− 2pgq(x)L⊥) + CF
(−pgq(x)L2⊥ − ζ2pgq(x) + 2xL⊥)
+ 2CF
(
−ζ2pgq(x)L⊥ − 1
3
pgq(x)L
3
⊥ −
2ζ3pgq(x)
3
+ xL2⊥ + xζ2
)
,
I(1)baregg =
CA
2
(
4δ(1− x)
)
+
CA

(
−2δ(1− x)LνQ − 4pgg(x)
)
+ CA
{
δ(1− x) (−2L⊥LνQ − 2L2⊥ − 2ζ2)− 4pgg(x)L⊥}
+ CA
{
δ(1− x)
(
−L2⊥LνQ − 4ζ2L⊥ −
4L3⊥
3
− ζ2LνQ − 8ζ3
3
)
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+ pgg(x)
(−2L2⊥ − 2ζ2)}+ 2CA{δ(1− x)(−13L3⊥LνQ + L⊥ (−ζ2LνQ − 4ζ3)
− 3ζ2L2⊥ −
L4⊥
2
− 2
3
ζ3LνQ − 27ζ4
4
)
+pgg(x)
(
−2ζ2L⊥ − 2L
3
⊥
3
− 4ζ3
3
)}
, (2.7)
where we have defined
rb(x) =
1− x
x
, LνQ = 2Lν + LQ , (2.8)
and
L⊥ = ln
b2Tµ
2
b20
, LQ = 2 ln
xP+
ν
, Lν = ln
ν2
µ2
, (2.9)
with b0 = 2 e
−γE . Our notations are the same as in Ref. [63].
The two-loop bare results up to O(0) are
I ′(2)baregq =
16CACF
2
rb(x) +
1

{
C2F
[
16H1rb(x)− 8H0 − 4(1− x)
]
− 32
3
CFNfTF rb(x)
+ CACF
[
1
3
rb(x)
(
48H0 + 48L⊥ − 24LνQ + 4(3x+ 43)
)
+32H0
]}
+ 0
{
CACF
[
1
3
rb(x)
(
48H1,1 + L⊥ (96H0 − 48LνQ + 8(3x+ 43))− 40H1
+ 48H2 +
8
3
(9x− 11)− 48ζ2
)
+16H0,0 + 64L⊥H0 − 8(5x+ 2)
x
H0
]
+ C2F
[
1
3
rb(x) (−48H1,1 + 96L⊥H1 + 24H1)− 8H0,0 + (−16H0 − 8(1− x))L⊥
+ 20H0 − 8(1− x)
]
+
1
3
CFNfTF rb(x)
(
32H1 − 64L⊥ − 64
3
)}
+O (1) ,
I ′(2)baregg =
16C2A
2
rb(x) +
1

{
CFNfTF
(
16
3
(
x2 − 2x− 2) rb(x)− 16H0)− 16
3
CANfTF rb(x)
+ C2A
(
1
3
rb(x)
(
48H0 + 48H1 + 48L⊥ − 24LνQ − 4
(
2x2 − 4x− 45))+ 32H0)}
+ 0
{
C2A
[
1
3
rb(x)
(
L⊥
(
96H0 + 96H1 − 48LνQ − 8
(
2x2 − 4x− 45))+ 48H2
− 48ζ2
)
+16H0,0 + 64L⊥H0 − 4(19x+ 12)
3x
H0 +
4
(
11x3 − 39x2 + 62x− 37)
9x
]
+ CFNfTF
[
− 16H0,0 − 32L⊥H0 + 32
3
(
x2 − 2x− 2)L⊥rb(x) + 16(1− x)3
x
]
+ CANfTF
[
− 16H0
3
− 32L⊥rb(x)
3
+
8
(
x3 + 3x2 + 16x− 17)
9x
]}
+O
(
1
)
,
I(2)baregq =
−8CACF
3
pgq(x) +
1
2
{
C2F
[
− 4pgq(x)H1 + 2(2− x)H0 − x+ 4
]
+
8
3
CFNfTF pgq(x) + CACF
[
− 4pgq(x)H1 + 4pgq(x)LνQ − 8pgq(x)L⊥
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− 8
(
x2 + x+ 1
)
x
H0 +
2
(
4x3 + 4x2 + 46x− 53)
3x
]}
+
1

{
CFNfTF
[
− 8pgq(x)
3
H1 +
16pgq(x)L⊥
3
+
16
(
x2 − 5x+ 5)
9x
]
+ C2F
[
4H1,1pgq(x) + 2(2− x)H0,0 + L⊥ (−8H1pgq(x) + 4H0(2− x) + 2(4− x))
− 2
(
x2 − 6x+ 6)
x
H1 + (−3x− 4)H0 + 5x+ 1
]
+ CACF
[
L⊥
(
−8pgq(x)H1
+ 8pgq(x)LνQ −
16
(
x2 + x+ 1
)
x
H0 +
4
(
4x3 − 2x2 + 46x− 53)
3x
)
−4xLνQ
+ 4pgq(−x)H−1,0 + 4 (−H1,0 −H1,1 −H2) pgq(x)− 4(x+ 2)H0,0 − 8ζ2
+
2
3
(
8x2 + 15x+ 36
)
H0 +
2
(
17x2 − 22x+ 22)
3x
H1
− 2
(
44x3 − 29x2 + 19x+ 9)
9x
]}
+ 0
{
CACF
[
16
3
L3⊥pgq(x) + L
2
⊥
(
−8H1pgq(x)
+ 8pgq(x)LνQ −
16H0
(
x2 + x+ 1
)
x
+
4
(
4x3 − 8x2 + 46x− 53)
3x
)
+ L⊥
(
8pgq(−x)H−1,0 + 4 (−2H1,0 − 2H1,1 − 2H2) pgq(x)− 8(x+ 2)H0,0
+
4
3
(
8x2 + 15x+ 36
)
H0 +
4
(
17x2 − 22x+ 22)
3x
H1 − 8xLνQ
+
8
(
x2 − 4x+ 2) ζ2
x
− 4
(
44x3 − 29x2 + 19x+ 9)
9x
)
+4ζ2pgq(x)LνQ
− 4pgq(−x) (−2H−2,0 + 2H−1,−1,0 −H−1,0,0 +H−1ζ2)
+ 4pgq(x) (H1,2 +H2,1 −H1,0,0 +H1,1,0 +H1,1,1 −H1ζ2)
+
2
3
(
8x2 + 9x+ 36
)
H0,0 −
2
(
5x2 − 22x+ 22)
3x
H1,1 +
8
(
x2 + 2
)
x
H2,0
− 4
(
4x3 − 9x2 + 24x− 22)
3x
H1,0 + 4xH−1,0 − 4(x+ 2)H0,0,0
− 8
(
x2 + x+ 1
)
ζ2
x
H0 − 2
9
H0
(
88x2 − 6x+ 249)+ 2 (43x2 − 152x+ 152)
9x
H1
+ 4xH2 +
8
(
10x2 − 23x+ 20) ζ3
3x
− 2
(
4x3 − 4x2 + 2x+ 9) ζ2
3x
+
4
(
152x3 − 268x2 + 791x− 790)
27x
]
+ C2F
[
L2⊥
(
−8pgq(x)H1 + 4(2− x)H0
+ 2(4− x)
)
+L⊥
(
8H1,1pgq(x) + 4(2− x)H0,0 −
4
(
x2 − 6x+ 6)
x
H1
− 2(3x+ 4)H0 + 2(5x+ 1)
)
+4pgq(x) (−H1,1,1 −H1ζ2) +
2
(
x2 − 6x+ 6)
x
H1,1
+ 2(2− x) (H0,0,0 +H0ζ2) + (−3x− 4)H0,0 −
2
(
5x2 − 16x+ 16)
x
H1
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+ 5(x− 3)H0 + (4− x)ζ2 − x+ 10
]
+ CFNfTF
[
16
3
pgq(x)L
2
⊥
+ L⊥
(
32
(
x2 − 5x+ 5)
9x
− 16pgq(x)
3
H1
)
+
8
3
pgq(x) (H1,1 + ζ2)
− 16
(
x2 − 5x+ 5)
9x
H1 +
8
(
13x2 − 56x+ 56)
27x
]}
+O (1) ,
I(2)baregg =
1
4
{
8C2Aδ(1− x)
}
+
1
3
{
δ(1− x)
(
11C2A − 4CANfTF
3
− 8LνQC2A
)
− 16C2Apgg(x)
}
+
1
2
{
C2A
[
16
(
ln(1− x)
1− x
)
+
+ 8pgg(x)LνQ − 16pgg(x)L⊥
− 22pgg(x)
3
+
16
(
x3 − x2 + 2x− 1)
x
H1 −
8
(
x4 − 4x3 + 3x2 + 1)
(1− x)x H0
− 8(1− x)
(
11x2 + 2x+ 11
)
3x
]
+
8
3
CANfTF pgg(x)
+ δ(1− x)
[
CANfTF
(
4LνQ
3
− 20
9
)
+ C2A
(
−8L⊥LνQ − 8L2⊥ + 2L2νQ +
67
9
− 18ζ2 − 11LνQ
3
)]
+ CFNfTF
[
8(x+ 1)H0 +
4(1− x) (4x2 + 7x+ 4)
3x
]}
+
1

{
C2A
[
L⊥
(
32
(
ln(1− x)
1− x
)
+
+ 16pgg(x)LνQ +
32
(
x3 − x2 + 2x− 1)
x
H1
− 16
(
x4 − 4x3 + 3x2 + 1)
(1− x)x H0 −
16(1− x) (11x2 + 2x+ 11)
3x
− 44pgg(x)
3
)
+ 4pgg(−x) (2H−1,0 + ζ2)−
8
(
x2 − x− 1)2
(1− x)(x+ 1) H0,0 +
2
3
(
44x2 − 11x+ 25)H0
− 1
9
pgg(x)(72H1,0 + 72H2 − 36ζ2 + 134) +
(1− x) (134x2 − 109x+ 134)
9x
]
+ CFNfTF
[
8(x+ 1)H0,0 +
(
16(x+ 1)H0 +
8(1− x) (4x2 + 7x+ 4)
3x
)
L⊥
+ 4(x+ 3)H0 −
8(1− x) (x2 − 8x+ 1)
3x
]
+ CANfTF
[
16pgg(x)L⊥
3
+
40pgg(x)
9
+
8
3
(x+ 1)H0 +
4(1− x) (13x2 + 4x+ 13)
9x
]
+ δ(1− x)
[
CANfTF
(
8
3
L⊥LνQ
+
8L2⊥
3
+
20LνQ
9
+ 4ζ2 − 112
27
)
+C2A
(
L⊥
(
4L2νQ −
22LνQ
3
− 32ζ2
)
− 16L
3
⊥
3
− 22L
2
⊥
3
+
(
2ζ2 − 67
9
)
LνQ − 11ζ2 − 74ζ3
3
+
404
27
)]}
+ 0
{
C2A
[
32
3
pgg(x)L
3
⊥ + L
2
⊥
(
32
(
ln(1− x)
1− x
)
+
+
32
(
x3 − x2 + 2x− 1)
x
H1
+ 16pgg(x)LνQ −
16
(
x4 − 4x3 + 3x2 + 1)
(1− x)x H0 −
16(1− x) (11x2 + 2x+ 11)
3x
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− 44pgg(x)
3
)
+L⊥
(
−8pgg(−x) (−2H−1,0 − ζ2)− 8pgg(x) (2H1,0 + 2H2 − 3ζ2)
− 16
(
x2 − x− 1)2
(1− x)(x+ 1) H0,0 −
268pgg(x)
9
+
4
3
(
44x2 − 11x+ 25)H0
+
2(1− x) (134x2 − 109x+ 134)
9x
)
+8ζ2pgg(x)LνQ + 16ζ2
(
ln(1− x)
1− x
)
+
− 8pgg(−x) (−2H−2,0 + 2H−1,−1,0 −H−1,0,0 +H−1ζ2)
− 8pgg(x)
(
−H1,2 −H2,1 +H1,0,0 −H1,1,0 − 25ζ3
6
)
+
2
3
(
44x2 − 11x+ 25)H0,0
+
8(1− x) (11x2 − x+ 11)H1,0
3x
− 1
(1− x)(x+ 1)
(
8
(
x2 − x− 1)2H0,0,0
+
16
(
x4 − x2 − 1)
x
H2,0 −
4
(
7x5 − 5x4 + 7x3 + 5x2 − 7x+ 5) ζ3
x
)
−22ζ2pgg(x)
3
− 808pgg(x)
27
+
1
9
(−536x2 − 149x− 701)H0 + 16 (x3 − x2 + 2x− 1) ζ2
x
H1
− 8
(
x4 − 4x3 + 3x2 + 1) ζ2
(1− x)x H0 −
2x
3
H1 +
4
(
211x3 − 186x2 + 174x− 196)
9x
− 8(1− x)ζ2
]
+ CANfTF
[
16
3
pgg(x)L
2
⊥ + L⊥
(
80pgg(x)
9
+
16
3
(x+ 1)H0
+
8(1− x) (13x2 + 4x+ 13)
9x
)
+
8
3
(x+ 1)H0,0 +
8ζ2pgg(x)
3
+
224pgg(x)
27
+
4
9
(10x+ 13)H0 +
4x
3
H1 −
4
(
83x3 − 54x2 + 54x− 65)
27x
]
+ CFNfTF
[
L2⊥
(
16(x+ 1)H0 +
8(1− x) (4x2 + 7x+ 4)
3x
)
+ L⊥
(
16(x+ 1)H0,0
+ 8(x+ 3)H0 −
16(1− x) (x2 − 8x+ 1)
3x
)
+8(x+ 1) (H0,0,0 +H0ζ2)
+ 4(x+ 3)H0,0 + 24H0(x+ 1) +
4(1− x) (4x2 + 7x+ 4) ζ2
3x
− 8(1− x)
(
x2 − 23x+ 1)
3x
]
+ δ(1− x)
[
C2A
(
1
9
L3⊥ (48LνQ − 88)
+
1
9
L2⊥
(
36L2νQ − 66LνQ − 180ζ2 − 134
)
+ L⊥
(
1
9
(108ζ2 − 134)LνQ − 88
3
ζ2 − 16ζ3
)
+ 2ζ2L
2
νQ +
(
−11ζ2
3
+
50ζ3
3
− 404
27
)
LνQ − 67ζ2
3
− 242ζ3
9
− 32ζ4 + 2428
81
)
+ CANfTF
(
32
9
L3⊥ +
1
9
L2⊥(40 + 24LνQ) +
1
9
L⊥(40LνQ + 96ζ2)
+
1
27
LνQ(112 + 36ζ2) +
20ζ2
3
+
88ζ3
9
− 656
81
)]}
+O (1) , (2.10)
where all end point divergences lnk(1 − x)/(1 − x) should be taken as plus-distribution,
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which is defined as ∫ 1
0
g(x)
(1− x)+ =
∫ 1
0
g(x)− g(1)
1− x (2.11)
for a smooth test function g(x). We write our results in terms of Harmonic PolyLoga-
rithms [78]. We use the Mathematica package Hpl [79] to manipulate them. We use the
standard shorthand notation
Ha1,...,an ≡ HPL(a1, . . . , an;x) . (2.12)
We have also obtained the two-loop results through O(2), which are required for future
N3LO calculation. We do not show them here to save space, but instead include them as
ancillary file in the arXiv submission of this paper.
2.2 Renormalization counter terms and zero-bin subtraction
The bare results contain both UV and rapidity divergences to be renormalized, while the
rapidity divergence is already renormalized within exponentional regularization upon the
substitution τ → 1/ν. To proceed, we first perform the usual coupling constant renormal-
ization in MS scheme,
α0µ
2
0 (4pi)
e−γE = αsµ2
(
1− αs
4pi
β0

+O(α2s)
)
, (2.13)
where γE = 0.5772 . . . is the Euler constant, µ0 is the mass parameter in dimensional
regularization, αs = αs(µ) is the renormalized coupling evaluated at the renormalization
scale µ. The one-loop QCD beta function for Nf light flavor is given by
β0 =
11
3
CA − 4
3
TFNf . (2.14)
Next, we perform a zero-bin subtraction [80] to remove the overlapping contributions
between collinear and soft modes. For the purpose of computing perturbative matching
coefficients, we can used the dimensional regularized collinear PDFs in a partonic state,
φi/j(x, αs) = δijδ(1− x)−
αs
4pi
P
(0)
ij (x)

+
(αs
4pi
)2 [ 1
22
(∑
k
P
(0)
ik (x)⊗ P (0)kj (x) + β0P (0)ij (x)
)
− P
(1)
ij (x)
2
]
, (2.15)
where Pij(x) are space-like splitting kernel, whose explicit expressions are collected in the
appendix. After this, the remaining UV divergences in the TMDPDFs can be removed by
a multiplicative renormalization counter term. These steps can be summarized as
B˜bare,µνg/j
S0b = Z
B
g Bµνg/j = ZBg
∑
i
Iµνgi ⊗ φi/j , (2.16)
where B˜bare,µνg/j and S0b(αs) are the bare TMDPDFs and bare zero-bin soft function in terms
of renormalized coupling αs, Z
B
g is the multiplicative operator renormalization constant,
and in the last equality we use the renormalized version of operator product expansion in
Eq. (2.2). The zero-bin soft function can be found in appendix. A.6.
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2.3 Renormalized coefficient functions
In this subsection, we present the detailed results for the renormalized matching coefficient
functions through O(α2s). The renormalized coefficients obey a RG equation
d
d lnµ
Iµνgi (x, b⊥, µ, ν) = 2
[
Γcusp(αs(µ)) ln
ν
xP+
+ γB(αs(µ))
]
Iµνgi (x, b⊥, µ, ν)
− 2
∑
j
Iµνgj (x, b⊥, µ, ν)⊗ Pji(x, αs(µ)) , (2.17)
and a rapidity evolution equation [39]
d
d ln ν
Iµνgi (x, b⊥, µ, ν) = −2
[∫ b0/bT
µ
dµ¯
µ¯
Γcusp(αs(µ¯)) + γ
R(αs(b0/bT ))
]
Iµνgi (x, b⊥, µ, ν) .
(2.18)
The relevant anomalous dimensions are collected in Appendix. A.1. The tensor decompo-
sition for the renormalized quantities is the same as given in Eq. (2.3). Throughout this
paper, we define the pertubative expansion according to
Igi(x, b⊥, LQ) =
∑
j
(αs
4pi
)j I(j)gi (x, b⊥, LQ) . (2.19)
Then, the renormalized scalar form factors are given by
I ′(1)gi (x, b⊥, LQ) = I
′(1)
gi ,
I ′(2)gi (x, b⊥, LQ) =
[(
β0 − 1
2
Γcusp0 LQ + γ
B
0
)
I
′(1)
gi −
∑
j
I
′(1)
gj ⊗ P (0)ji
]
L⊥
+ γR0 LQI
′(1)
gi + I
′(2)
gi ,
I(0)gi (x, b⊥, LQ) = δgiδ(1− x) ,
I(1)gi (x, b⊥, LQ) =
(
−Γ
cusp
0
2
L⊥LQ + γB0 L⊥ + γ
R
0 LQ
)
δgiδ(1− x)− P (0)gi (x)L⊥ + I(1)gi (x) ,
I(2)gi (x, b⊥, LQ) =
[
1
8
(−Γcusp0 LQ + 2γB0 ) (−Γcusp0 LQ + 2γB0 + 2β0)L2⊥
+
(
−Γ
cusp
1
2
LQ + γ
B
1 + (−Γcusp0 LQ + 2γB0 + 2β0)
γR0
2
LQ
)
L⊥
+
(γR0 )
2
2
L2Q + γ
R
1 LQ
]
δgiδ(1− x)
+
(
1
2
∑
j
P
(0)
gj (x)⊗ P (0)ji (x) +
P
(0)
gi (x)
2
(Γcusp0 LQ − 2γB0 − β0)
)
L2⊥
+
[
− P (1)gi (x)− P (0)gi (x)γR0 LQ −
∑
j
I
(1)
gj (x)⊗ P (0)ji (x)
+
(
−Γ
cusp
0
2
LQ + γ
B
0 + β0
)
I
(1)
gi (x)
]
L⊥ + γR0 LQI
(1)
gi (x) + I
(2)
gi (x) , (2.20)
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where we have shown explicitly the scale-dependent part and scale-independent part. At
each order, the scale-dependent part are determined by RG equations and universal anoma-
lous dimensions. They serve as strong check of the results from Feynman diagram calcu-
lation. The genuine new results of direct calculations are the scale-independent terms. At
one loop they are given by
I
′(1)
gq = 4CF rb(x) ,
I
′(1)
gg = 4CA rb(x) ,
I(1)gq = 2CF x ,
I(1)gg = 0 , (2.21)
where rb(x) is defined in Eq. (2.8). At two loops, we find
I
′(2)
gq = CACF
[
− 16rb(x)
(
−H1,1 + 5
6
H1 −H2 + ζ2
)
+ 16H0,0 − 8(5x+ 2)
x
H0
+
8(1− x)(9x− 11)
9x
]
+ C2F
[
− 16rb(x)H1,1 − 8H0,0 − 8H0,0 + 8rb(x)H1 + 20H0 − 8(1− x)
]
+NfCFTF
[
− 64
9
rb(x) +
32
3
rb(x)H1
]
,
I
′(2)
gg = C
2
A
[
16rb(x) (−ζ2 +H2) + 16H0,0 − 4(19x+ 12)
3x
H0 +
4(11x3 − 39x2 + 62x− 37)
9x
]
+NfCATF
[
8(x3 + 3x2 + 16x− 17)
9x
− 16
3
H0
]
+NfCFTF
[
− 16H0,0 + 16(1− x)
3
x
]
,
I(2)gq = CACF
[
2
3
(8x2 + 9x+ 36)H0,0 − 2(5x
2 − 22x+ 22)
3x
H1,1 +
8(x2 + 2)
x
H2,0
− 4(4x
3 − 9x2 + 24x− 22)
3x
H1,0 + 4xH−1,0 − 4(x+ 2)H0,0,0 − 2
9
(88x2 − 6x+ 249)H0
+
2(43x2 − 152x+ 152)
9x
H1 + 4xH2 +
8(3x2 − 7x+ 6)
x
ζ3 +
8(1− x)(2x2 − x+ 11)
3x
ζ2
+
4(152x3 − 268x2 + 791x− 790)
27x
+ 4pgq(x) (H1,2 +H2,1 −H1,0,0 +H1,1,0 +H1,1,1)
− 4pgq(−x) (−2H−2,0 + 2H−1,−1,0 −H−1,0,0 + ζ2H−1)
]
+ C2F
[
2(x2 − 6x+ 6)
x
H1,1 − 4(x
2 − 2x+ 2)
x
H1,1,1 + (−3x− 4)H0,0 + 2(2− x)H0,0,0
− 2(5x
2 − 16x+ 16)
x
H1 + 5(x− 3)H0 − x+ 10
]
+NfCFTF
[
8(x2 − 2x+ 2)
3x
H1,1 − 16(x
2 − 5x+ 5)
9x
H1 +
8(13x2 − 56x+ 56)
27x
]
,
I(2)gg = C
2
A
[(
28ζ3 − 808
27
)
1
(1− x)+ +
4(835x3 − 760x2 + 926x− 790)
27x
− 2
3
xH1
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+
2
3
(44x2 − 11x+ 25)H0,0 − 16(x
4 − x2 − 1)
(1− x)x(x+ 1)H2,0
+
1
9
(−536x2 − 149x− 701)H0 + 8(1− x)(11x
2 − x+ 11)
3x
(ζ2 +H1,0)
+
4(14x5 − 12x4 + 14x3 + 5x2 − 21x+ 12)
(1− x)x(x+ 1) ζ3 −
8(x2 − x− 1)2
(1− x)(x+ 1)H0,0,0
− 8(−2H−2,0 + 2H−1,−1,0 −H−1,0,0 + ζ2H−1)pgg(−x)
− 8(−H1,2 −H2,1 +H1,0,0 −H1,1,0)pgg(x)
]
+NfCFTF
[
4(x+ 3)H0,0 + 8(x+ 1)H0,0,0 + 24(x+ 1)H0 − 8(1− x)(x
2 − 23x+ 1)
3x
]
+NfCATF
[
224
27
1
(1− x)+ −
4(139x3 − 110x2 + 166x− 121)
27x
+
8
3
(x+ 1)H0,0 +
4
9
(10x+ 13)H0 +
4
3
xH1
]
. (2.22)
The two-loop scalar form factors corresponding to the first tensor structure, I
(2)
gi , have been
computed for a while [60, 62]. Results for the second tensor structure I
′(2)
gi , also known
as the linearly polarized contribution, appeared very recently, using a different rapidity
regulator [64]. Although the calculations are performed with different rapidity regulators,
the results can be compared by constructing a rapidity-divergence free combination of
TMDPDFs. In our case, this can be done by multiplying the renormalized coefficient
functions with the square root of the TMD soft function,
I˜µνgi (x, b⊥, Q, µ) = Iµνgi (x, b⊥, LQ)
√
Sgg(b⊥, µ, ν) , (2.23)
for i = q, g, and then expand in αs. The renormalized TMD soft function can be found in
Ref. [59]. The explicit two-loop results for the renormalized soft function are collected in
Eq. (A.14) of appendix. A.5. We find that for the first tensor structure, our two-loop results
are in full agreement with those in the literature [62, 81]. However, we find substantial
difference for the two-loop linearly polarized results with those presented in Ref. [64]. We
note that the two-loop results in Ref. [64] contain transcendental functions and zeta value
up to weight 3, namely Li3 and ζ3, while in our results, I
′(2)
gg and I
′(2)
gq in Eq. (2.22), only
weight 2 functions and zeta values are presented. Since the linearly polarized contribution
first appears at one loop with rational functions only, our results are in agreement with the
expectation that transcendental weight only increases by 2 at each loop order. In the next
subsection, we present a N = 1 supersymmetry sum-rule for the linearly polarized gluon
contribution, which provides further check to our results.
2.4 N = 1 supersymmetry sum rule for the linearly polarized gluon contribu-
tion
Our explicit two-loop calculation reveals an interesting momentum conservation sum rule
for the linearly polarized gluon contribution in the N = 1 supersymmetric limit. This limit
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is obtained from our results by setting CA = CF = Nf and using TF = 1/2. The sum rule
is then written as∫ 1
0
dxx
(
I ′gg(x, b⊥, LQ)− I
′
gq(x, b⊥, LQ)
)∣∣∣
CF=CA=Nf
= 0 . (2.24)
At one-loop, the sum rule is satisfied trivially, since I
′(1)
qg /CF = I
′(1)
gg /CA = 4rb(x), see
Eq. (2.21). At two loops, we find(
I ′(2)gg (x, b⊥, LQ)− I
′(2)
gq (x, b⊥, LQ)
)∣∣∣
CF=CA=Nf
= − 8
3x
C2A
(
1 + x− 3x2 + x3 + 3x ln(x)
)
,
(2.25)
substituting this into Eq. (2.24) we indeed get zero.
While it is well-known that the splitting functions obey momentum conservation sum
rule, in general the sum rule breaks down for the matching coefficient functions, which are
cross-section level quantities. Therefore, the sum rule in Eq. (2.24) is somewhat surprising.
It would be interesting to see if it continues to hold at three loops. It would also be
interesting to have a structural understanding of it. Since the sum rule is nontrivial, it also
provides strong check to the two-loop results for the linearly polarized gluon contribution
presented in this paper.
3 Gluon TMDFFs
To specify the definition for the gluon TMDFFs, it is necessary to specify a reference frame
first. In the hadron frame, where the detected hadron has zero transverse momentum, the
gluon TMDFFs can be defined as
Dbare,µνN/g (z, b⊥) = −
P+
z2
∑
X
∫
db−
4pi
eixb−P+/2〈0|Aa,µn⊥(0, b−, b⊥)|N(P ), X〉〈N(P ), X|Aa,νn⊥(0)|0〉 ,
(3.1)
where N(P ) has zero transverse momentum. In actual calculation, it’s also convenient to
define the fragmentation functions in the parton frame, where the parton which initiates
the fragmentation has zero transverse momentum. The parton frame TMDFFs are related
to the hadron frame ones by
Fbare,µνN/g (z, b⊥/z) = z2−2Dbare,µνN/g (z, b⊥) , (3.2)
where we denote the bare TMDFFs in the parton frame by Fbare,µνN/g (z, b⊥/z). The par-
ton frame has the advantage that the renormalization counter terms are slightly simpler
compared with the hadron frame, i.e.
Fbare,µνN/g (z, b⊥/z, ν) = ZBg (b⊥, µ, ν)FµνN/g(z, b⊥/z, µ, ν)
= ZBg (b⊥, µ, ν)
∑
i
dN/i(z, µ)⊗ Cµνig (z, b⊥/z, µ, ν) +O(b2TΛ2QCD) .
(3.3)
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We refer to Refs. [1, 63] for more detailed discussion on the difference of the reference
frames.
To compute the gluon TMDFFs, we can use the methods as in the calculation of
TMDPDFs. Alternatively, we can exploit crossing symmetry to obtain the results from
TMDPDFs. We have performed calculation in both ways, and find the same results. In
the next subsection, we give some details on the calculation based on crossing relation.
3.1 Bare gluon TMDFFs from crossing
To explore the crossing symmetry between the TMDPDFs and TMDFFs, we write down
their definitions in momentum space. For simplicity we first consider the g → g case,
Bbare,µνg/g (x, b⊥, p1, ν) = limτ→0
1
xn¯ · p1
∫
ddk e−b0τk
0+i~bT ·~kT δ(n¯ · k − (1− x)n¯ · p1)
×
∏∫ ddlj
(2pi)d
∏∫ ddki
(2pi)d
(2pi)δ+(k
2
i ) δ
(d)
(
k −
∑
m
km
)
|MB µνgg (p1, lj , ki)|2
∣∣∣∣
τ=1/ν
, (3.4)
for TMDPDFs. In Eq. (3.4), |MB µνgg (p1, lj , ki)|2 is the squared amplitudes for space-like
g → g splitting, with multiple real radiations (ki) or virtual momentum exchange (lj),
and p1 is the momenta of the initial-state gluon entering hard scattering. For TMDFFs in
hadron frame, we have
Dbare,µνg/g (z, b⊥, p2, ν) = limτ→0
1
n¯ · p2
∫
ddk e−b0τk
0+i~bT ·~kT δ(n¯ · k − (1/z − 1)n¯ · p2)
×
∏∫ ddlj
(2pi)d
∏∫ ddki
(2pi)d
(2pi)δ+(k
2
i ) δ
(d)
(
k −
∑
m
km
)
|MF µνgg (p2, lj , ki)|2
∣∣∣∣
τ=1/ν
, (3.5)
where |MF µνgg (p2, lj , ki)|2 is the squared amplitudes for time-like g → g splitting, and p2
is the momenta of the final-state detected gluon, which has zero transverse momentum in
hadron frame. The squared amplitudes in the integrand for TMDPDFs and TMDFFs are
related through the following crossing relation,
|MF µνgg (p2, lj , ki)|2 = |MB µνgg (−p2, lj , ki)|2 . (3.6)
It is not difficult to see that
Bbare,µνg/g (
1
z
, b⊥,−p2, ν) = lim
τ→0
z
−n¯ · p2
∫
ddk e−b0τk
0+i~bT ·~kT δ(n¯ · k + (1− 1/z)n¯ · p2)
×
∏∫ ddlj
(2pi)d
∏∫ ddki
(2pi)d
(2pi)δ+(k
2
i ) δ
(d)
(
k −
∑
m
km
)
|MFµνgg (p2, lj , ki)|2
∣∣∣∣
τ=1/ν
= −zDbare,µνg/g (z, b⊥, p2, ν) , (3.7)
that is,
Dbare,µνg/g (z, b⊥, Q2, ν) = −
1
z
Bbare,µνg/g (x, b⊥, Q1, ν)|x→ 1z ,Q1→−Q2 , (3.8)
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where we have defined
Q1 = x n¯ · p1 , Q2 = n¯ · p2
z
. (3.9)
The rule Q1 → −Q2 is important for resolving the ambiguity from analytic continuation
of ln(1− x) (see also discussions in [82–86] for analytic continuation of splitting funtions),
which can have two possibilities,
ln(1− x)→ ln(1− x)− ln(x) + κ ipi with κ = 0 or 1 . (3.10)
We argue that one should set κ = 0 for ln(1−x) terms originate from rapidity divergences,
and κ = 1 for ln(1−x) terms originate from virtual corrections. For virtual corrections, the
analytical continuation is unambiguous, since it is determined by Feynman’s iε prescription.
To understand the prescription for the ln(1−x) from rapidity divergences, we first introduce
the following dimensionless variables,
1− x = n¯ · k
n¯ · p1 , 1− y1 =
k2 n¯ · p1
2p1 · k n¯ · k ,
1− z
z
=
n¯ · k
n¯ · p2 , 1− y2 =
k2 n¯ · p2
2p2 · k n¯ · k . (3.11)
Using these variables, the exponential regulator in TMDPDFs and TMDFFs can be sepa-
rately written as [42, 63]
exp(−2τk0) = exp
( −τxk2T
y1(1− x)Q1 − τ(1− x)
Q1
x
)
,
exp(−2τk0) = exp
( −τk2T
y2(1− z)Q2 − τ(1− z)Q2
)
, (3.12)
where we have used that 2k0 = n¯ · k + n · k. These two expressions can be exactly related
to each other through the following rules,
p1 → −p2 , k → k , x→ 1
z
, Q1 → −Q2 . (3.13)
The exponential regulator regularizes the rapidity divergences in the phase space integral
only. Therefore, the ln(1 − x) terms that originate from rapidity divergence should not
develop imaginary part under the replacements x → 1/z, Q1 → −Q2. This is indeed the
case since the logarithm always appear in a specific combination
ln
(
τx
(1− x)Q1
)
. (3.14)
In practical calculation, one prescription to resolve the ambiguity in Eq. (3.10) is to
use the the following crossing rules
ln(Q1)→ ln(Q2)− ipi ,
ln(1− x)→ ln(1− z)− ln(z) + ipi . (3.15)
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Moreover, taking into account the relation between parton frame and hadron frame, which
is given in Eq. (3.2), and the color and spin factors, the analytic continuations from TMD-
PDFs to TMDFFs reads
Fbare,µνg/g (z, b⊥/z,Q2, ν) = −z1−2Bbare,µνg/g (x, b⊥, Q1, ν)|x→ 1z ,LQ1→LQ2−2ipi ,
Fbare,µνq/g (z, b⊥/z,Q2, ν) =
z1−2TF
CF (1− )B
bare,µν
g/q (x, b⊥, Q1, ν)|x→ 1z ,LQ1→LQ2−2ipi , (3.16)
where
LQ1 = 2 ln
(
Q1
ν
)
, LQ2 = 2 ln
(
Q2
ν
)
. (3.17)
In the final step, we take the real part in Eq. (3.16). Note that the analytic continuations
in Eq. (3.16) are valid in the region
0 < x < 1 , 0 < z < 1 . (3.18)
The contributions from the end point, δ(1− x) and δ(1− z), are invariant under crossing.
The analytic continuations in Eq. (3.16) can be also used to extract time-like split-
ting functions from space-like ones. It is similar to the analytic continuations of splitting
function performed in Refs. [84, 85]. There the calculations start from the crossing of un-
renormalized structure functions and work well for two-loop splitting functions. At three
loops, the direct analytic continuations cause some issues (see [84, 85] for details), so it
is expected our procedure presented here may also cause similar issues at three loops.
However, this is beyond the scope of this paper.
3.2 Renormalization counter terms and zero-bin subtraction
The renormalization of the TMDFFs are similar to the renormalization of the TMDPDFs.
In the parton frame, we use the following dimensional regularized collinear FFs for the
counter terms:
di/j(z, µ) = δijδ(1− z)−
αs(µ)
4pi
P
T (0)
ij (z)

+
(
αs(µ)
4pi
)2 [ 1
22
(∑
k
P
T (0)
ik (z)⊗ P T (0)kj (z) + β0P T (0)ij (z)
)
− P
T (1)
ij (z)
2
]
,
(3.19)
where P Tij (z) are the time-like splitting kernel, whose explicit expression through two loops
can be found in appendix. A.3. In hadron frame, the counter terms from collinear FFs
involve additional factor of z−2 [62], which arises from the phase space factor. The zero-
bin subtraction also follows closely the TMDPDFs.
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3.3 Renormalized coefficient functions
In this subsection, we present the renormalized coefficient functions through two loops
for both polarizations. We separate the results into scale-independent part and scale-
dependent part. The scale-dependent part is determined by the the RG equation
d
d lnµ
Cµνig (z, b⊥/z, µ, ν) = 2
[
Γcusp(αs(µ)) ln
zν
P+
+ γB(αs(µ))
]
Cµνig (z, b⊥/z, µ, ν)
− 2
∑
j
P Tij (z, αs(µ))⊗ Cµνjg (z, b⊥/z, µ, ν) , (3.20)
and rapidity evolution equation
d
d ln ν
Cµνig (z, b⊥/z, µ, ν) = −2
[∫ b0/bT
µ
dµ¯
µ¯
Γcusp(αs(µ¯)) + γ
R(αs(b0/bT ))
]
Cµνig (z, b⊥/z, µ, ν) .
(3.21)
The two polarization form factors can be extracted through
Cig(z, b⊥/z, LQ) = gµν⊥ Cµνig (z, b⊥/z, µ, ν) ,
C′ig(z, b⊥/z, LQ) =
1
d− 3
[
gµν⊥ + (d− 2)
bµ⊥b
ν
⊥
b2T
]
Cµνig (z, b⊥/z, µ, ν) . (3.22)
Compared with Eq. (2.9), for TMDFFs we use a slightly different definition for LQ,
LQ = 2 ln
P+
z ν
. (3.23)
The explicit solutions to both equations through to two loops are given by
C′(1)ig (z, b⊥/z, LQ) = C
′(1)
ig ,
C′(2)ig (z, b⊥/z, LQ) =
[(
β0 − 1
2
Γcusp0 LQ + γ
B
0
)
C
′(1)
ig −
∑
j
P
T (0)
ij ⊗ C
′(1)
jg
]
L⊥
+ γR0 LQC
′(1)
ig + C
′(2)
ig ,
C(0)ig (z, b⊥/z, LQ) = δigδ(1− z) ,
C(1)ig (z, b⊥/z, LQ) =
(
−Γ
cusp
0
2
L⊥LQ + γB0 L⊥ + γ
R
0 LQ
)
δigδ(1− z)− P T (0)ig (z)L⊥ + C(1)ig (z) ,
C(2)ig (z, b⊥/z, LQ) =
[
1
8
(−Γcusp0 LQ + 2γB0 ) (−Γcusp0 LQ + 2γB0 + 2β0)L2⊥
+
(
−Γ
cusp
1
2
LQ + γ
B
1 + (−Γcusp0 LQ + 2γB0 + 2β0)
γR0
2
LQ
)
L⊥
+
(γR0 )
2
2
L2Q + γ
R
1 LQ
]
δigδ(1− z)
+
(
1
2
∑
j
P
T (0)
ij (z)⊗ P T (0)jg (z) +
P
T (0)
ig (z)
2
(Γcusp0 LQ − 2γB0 − β0)
)
L2⊥
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+[
− P T (1)ig (z)− P T (0)ig (z)γR0 LQ −
∑
j
P
T (0)
ij (z)⊗ C(1)jg (z)
+
(
−Γ
cusp
0
2
LQ + γ
B
0 + β0
)
C
(1)
ig (z)
]
L⊥ + γR0 LQC
(1)
ig (z) + C
(2)
ig (z) .
(3.24)
Our explicit diagrammatic calculation or analytical continuation reproduces all the scale-
dependent terms, which serve as a first check to the calculation. The genuine new results
at each order are the scale independent part. At one loop they are given by
C
′(1)
qg = −4TF rf (z) ,
C
′(1)
gg = 4CA rf (z) ,
C(1)qg = 4TF
(
pqg(z)H0 + rf (z)
)
,
C(1)gg = 8CA pgg(z)H0 , (3.25)
where we have defined
rf (z) = (1− z)z . (3.26)
The two-loop results are
C
′(2)
qg = CATF
[
− rf (z)
(
16H1,0 + 16H1,1 − 40
3
H1 − 32ζ2 + 200
9
)
+ 16z(2z + 3)H0,0
− 8
3
(17z2 − 26z − 3)H0
]
+ CFTF
[
− rf (z)
(
− 48H1,0 − 16H1,1 + 8H1 − 16H2 + 16ζ2
)
− 24z(2z − 1)H0,0
− 4(2− z)(2z + 1)H0 + 4(1− z)(5z − 1)
]
+NfT
2
F
[
− rf (z)
(
32
3
H0 +
32
3
H1 − 64
9
)]
,
C
′(2)
gg = C
2
A
[
− rf (z)
(
32H1,0 + 16H2 + 16ζ2
)
+ 16(z − 6)zH0,0 + 4(12z
3 − 67z2 − 12z + 4)
3z
H0
+
4(99z3 − 80z2 − 15z − 1)
9z
]
+NfCFTF
[
48zH0,0 +
16(9z2 + 6z − 2)
3z
H0 − 16(1− z)(28z
2 + 10z + 1)
9z
]
+NfCATF
[
8(17z3 − 16z2 − 3z − 1)
9z
− 16
3
zH0
]
,
C(2)qg = CATF
[
8pqg(−z)
(
−H−2,0 −H−1,−1,0 − 3
2
H−1,0,0 − 1
2
ζ2H−1
)
+ 8pqg(z)
(
H1,2 +H2,1 +H1,0,0 +H1,1,0 +
1
2
H1,1,1 − 5
2
ζ2H0 − 3
2
ζ2H1 − 5
2
H3
)
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− 2
3
(34z2 − 34z + 11)H1,1 − 4(6z2 − 10z + 3)H2,0 − 4(59z
3 − 35z2 + 22z − 16)
3z
H0,0
− 2(86z
3 − 90z2 + 45z − 8)
3z
H1,0 + 8(z + 1)zH−1,0 + 4(62z + 11)H0,0,0
+
4
9
(91z2 − 91z + 38)H1 − 2(14z2 − 14z + 11)H2 + 2(38z
3 − 699z2 − 165z + 24)
9z
H0
2(70z3 − 54z2 + 21z + 8)
3z
ζ2 +
2(774z3 + 139z2 − 1223z − 148)
27z
+ 24zζ3
]
+ CFTF
[
8pqg(z)
(
− 3
2
H1,2 − 9
2
H2,0 − 3
2
H2,1 − 9
2
H1,0,0 − 3
2
H1,1,0 − 1
2
H1,1,1 +
1
2
ζ2H0
+
3
2
ζ2H1 − 1
2
H3 − 4ζ3
)
+ (68z2 − 52z − 7)H0,0 + 6(10z2 − 10z + 3)H1,0
+ 2(10z2 − 10z + 3)H1,1 − 22(4z2 − 2z + 1)H0,0,0 + (−76z2 + 73z − 8)H0
− 4(9z2 − 9z + 4)H1 + 2(14z2 − 14z + 9)H2 + 2(−14z2 + 14z − 9)ζ2 + 56z2 − 101z + 63
]
+NfT
2
F
[
8pqg(z)
(
1
3
H0,0 +H1,0 +
1
3
H1,1 +H2 − ζ2
)
− 8
3
(8z2 − 8z + 5)H0
− 8
9
(16z2 − 16z + 5)H1 + 32
27
(17z2 − 17z + 7)
]
,
C(2)gg = C
2
A
[(
28ζ3 − 808
27
)
1
(1− z)+ −
4(16z5 − 22z4 + 16z3 + 29z2 − 9z + 22)
(1− z)z(z + 1) ζ3
− 4(862z
3 − 248z2 + 10z − 817)
27z
− 8(1− z)(11z
2 − z + 11)
3z
H1,0
+
2(129z3 − 144z2 + 279z − 220)
3(1− z)z H0,0 −
16(6z5 − 7z4 + 6z3 + 7z2 − 6z + 7)
(1− z)z(z + 1) H2,0
− 1072z
4 − 407z3 + 726z2 − 1123z − 536
9(1− z)z H0 +
2
3
H1 − 8(1− z)(11z
2 − z + 11)
3z
ζ2
− 8(11z
5 − 42z4 − 11z3 + 42z2 + 11z + 20)
(1− z)z(z + 1) H0,0,0 − 8pgg(−z)
(
2H−2,0 + 2H−1,−1,0
+ 3H−1,0,0 + ζ2H−1
)
− 8pgg(z)
(
H1,2 +H2,1 + 7H1,0,0 +H1,1,0 + 4ζ2H0 + 6H3
)]
+NfCATF
[
224
27
1
(1− z)+ −
4(121z3 − 110z2 + 166z − 139)
27z
− 8(4z
4 − 13z3 + 12z2 − 3z + 4)
3(1− z)z H0,0 −
4(46z4 − 71z3 + 90z2 − 91z + 46)
9(1− z)z H0 −
4
3
H1
]
+NfCFTF
[
4(16z3 + 15z2 + 21z + 16)
3z
H0,0 + 88(z + 1)H0,0,0
− 8(82z
3 + 81z2 + 135z − 6)
9z
H0 − 8(1− z)(301z
2 + 409z + 139)
27z
]
. (3.27)
We note that for the unpolarized coefficients, Cig, the two-loop results have been given in
Ref. [62]. We find almost full agreement with Ref. [62], except a C2Api
4δ(1−z) term in C(2)gg .
This discrepancy is similar to a discrepancy found previously [63] for the quark TMDFFs,
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C
(2)
qq . Like for quark TMDFFs, we have computed the gluon jet function for the EEC in
the back-to-back limit and tested with known constraints to verify our results. We shall
present the details of this check in the next subsection.
Our two-loop results for the linearly polarized coefficients are new. Similar to the
TMDPDFs, the two-loop linearly polarized contributions involve only weight 2 functions
and zeta values. Furthermore, they obey aN = 1 supersymmetric momentum-conservation
sum rule, ∫ 1
0
dz z
(
C
′
gg(z, b⊥, LQ) + C
′
qg(z, b⊥, LQ)
)∣∣∣
CF=CA=Nf
= 0 . (3.28)
We note that there is a change of sign in the sum rule for C ′qg compared with the corre-
sponding sum rule for TMDPDFs in Eq. (2.24).
4 Gluon jet funcion for the EEC in the back-to-back limit
The gluon TMDFFs can be used to calculate the gluon jet function for the back-to-back
resummation of the EEC in the Higgs gluonic decay [87]. Such jet functions also appear in
the back-to-back resummation for TEEC [36]. The gluon jet function can be expanded as
Jg(b⊥, µ, ν, αs) = 1 +
∑
n=1
(αs
4pi
)n
Jgn(b⊥, µ, ν) . (4.1)
The expansion coefficients through two loops are given by the second moment of the gluon
TMDFFs,
Jg1 =
∫ 1
0
dz z
(
C(1)gg + 2NfC
(1)
qg + C
′(1)
gg + 2NfC
′(1)
qg
)
= CA
(
−8ζ2 − 2L⊥LQ + 11L⊥
3
+
71
18
)
+Nf
(
−2L⊥
3
− 11
18
)
,
Jg2 =
∫ 1
0
dz z
(
C(2)gg + 2NfC
(2)
qg + C
′(2)
gg + 2NfC
′(2)
qg
)
= CANf
(
L⊥
(
32ζ2
3
+
31LQ
9
− 335
27
)
+ L2⊥
(
2LQ − 44
9
)
+
56LQ
27
)
+ C2A
(
L⊥
(
−176ζ2
3
+ 12ζ3 +
(
20ζ2 − 205
9
)
LQ +
1069
27
)
+ L2⊥
(
2L2Q − 11LQ +
121
9
)
+
(
14ζ3 − 404
27
)
LQ
)
− 2CFNfL⊥ +N2f
(
4
9
L2⊥ +
22
27
L⊥
)
+ cg2 , (4.2)
where the two-loop scale-independent constant for gluon jet is
cg2 =
(
109ζ2
9
+
8ζ3
3
− 1123
162
)
CANf +
(
−751ζ2
9
− 176ζ3
3
+ 135ζ4 +
2590
81
)
C2A
+
(
8ζ3 − 37
6
)
CFNf −
8N2f
81
. (4.3)
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The gluon jet constant in Eq. (4.3) enters the back-to-back contact terms in the Higgs EEC
at two loops. These constants provide important ingredients for N3LL resummation of the
EEC in Higgs gluonic decay in the back-to-back limit. They have also been used in Ref. [88]
to extract the collinear contact terms for the Higgs EEC using energy-conservation sum
rule.
We note that the two-loop jet function has also been computed explicitly [89] from
taking the asymptotic expansion of the differential equation satisfied by the master integrals
for the Higgs EEC at finite angle [87]. Our results in this paper for the jet function
agree perfectly with the brute force calculation in Ref. [89]. Another independent check of
our results comes from the momentum-conservation sum rule for the EEC, discovered in
Refs. [90, 91]. A similar discussion for the quark jet function can be found in Ref. [63].
We stress that the jet functions are the second moment of the sum of all the TMDFFs,
including both the unpolarized and linearly polarized contributions. Therefore, the afore-
mentioned checks also apply to all the TMDFFs presented in this paper.
It is also interesting to consider the contribution to gluon jet function from linearly
polarized gluon alone. They are given by
Jg,l.p.1 =
CA
3
− Nf
3
,
Jg,l.p.2 = CANf
(
8ζ2
3
+ L⊥
(
2LQ
3
− 26
9
)
− 163
27
)
+ C2A
(
−8ζ2
3
+ L⊥
(
22
9
− 2LQ
3
)
+
107
27
)
+ 2CFNf +N
2
f
(
4L⊥
9
+
2
27
)
. (4.4)
It’s interesting to note that the linearly polarized gluon contribution in Eq. (4.4) vanishes
in the N = 1 supersymmetry limit, where CF = CA = Nf . This is simply the consequence
of the supersymmetric momentum-conservation sum rule in Eq. (3.28).
Recently, EEC in the back-to-back limit has also been studied at hadron collider, the
so-called TEEC. Due to the special geometry at hadron colliders, the linearly polarized
gluon does not contribute to TEEC [36]. In that case, the gluon jet function is simply
given by
JgTEEC(b⊥, µ, ν, αs) = J
g(b⊥, µ, ν, αs)− Jg,l.p.(b⊥, µ, ν, αs) . (4.5)
Therefore, our results also provide the missing ingredients for the N3LL resummation of
the TEEC in the back-to-back limit.
5 Conclusion
In this paper we have presented the perturbative gluon TMD coefficient functions through
two loops, for both unpolarized and linearly polarized coefficients. Our calculation was
performed using the exponential regulator for the regularization of rapidity divergences. We
have obtained results through O(2) at two loops, which are relevant for future three-loop
calculation. Our results are rapidity regulator dependent. Rapidity regulator independent
results can be obtained by multiplying the TMD soft function properly, see Eq. (2.23). We
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have compared our results with those in the literatures, and found perfect agreement in
most cases. However, discrepancy with Ref. [64] was found for the linearly polarized gluon
TMDPDFs at two loops, and with Ref. [62] for the δ(1 − z) term in the gluon-to-gluon
TMDFF. As a by-product of this calculation, we found a momentum conservation sum
rule in the N = 1 supersymmetric limit for the linear polarization of gluon TMDPDFs
and TMDFFs. Our results provide important ingredients for the precision studies of gluon
TMDs in collider experiments.
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A Anomalous dimensions, splitting functions, renormalization factors
and the TMD soft function
In this Appendix, we list some necessary ingredients which enter our calculation.
A.1 Anomalous dimensions
For all the anomalous dimensions entering the RGEs of various TMD functions, we define
the perturbative expansion according to
γ(αs) =
∞∑
n=0
(αs
4pi
)n+1
γn , (A.1)
where the coefficients up to O(α2s) are
Γcusp0 = 4CA ,
Γcusp1 = C
2
A
(
268
9
− 8ζ2
)
− 80CATFNf
9
,
γR0 = 0 ,
γR1 = CA
[
CA
(
−404
27
+ 14ζ3
)
+ TFNf
112
27
]
,
γB0 =
11
3
CA − 4
3
TFNf ,
γB1 = C
2
A
(
32
3
+ 12ζ3
)
+
(
−16
3
CA − 4CF
)
NfTF ,
γH0 = −
11
3
CA +
4
3
TFNf ,
γH1 = C
2
A
(
2ζ3 +
11
3
ζ2 − 692
27
)
+ CANfTF
(
256
27
− 4
3
ζ2
)
+ 4CFNfTF ,
γS0 = 0 ,
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γS1 = CA
[
CA
(
−404
27
+
11
3
ζ2 + 14ζ3
)
+ TFNf
(
112
27
− 4
3
ζ2
)]
. (A.2)
The cusp anomalous dimension Γcusp can be found in [92, 93] and rapidity anomalous
dimension γR can be found in Refs. [59, 94]. The hard and soft anomalous dimensions γH
and γS can be extracted from the two-loop gluon form factor [95], and can also be found
in, e.g., Refs. [96, 97]. Finally, the beam anomalous dimension γB is related to γS and γH
through γB = γS − γH .
The QCD beta function is defined by
dαs
d lnµ
= β(αs) = −2αs
∞∑
n=0
(αs
4pi
)n+1
βn , (A.3)
with [98–102]
β0 =
11
3
CA − 4
3
TFNf ,
β1 =
34
3
C2A −
20
3
CATFNf − 4CFTFNf , (A.4)
A formula particularly useful for us is
αs(b0/bT ) =
αs(µ)
t
[
1− αs(µ)
4pi
β1
β0
ln t
t
]
+O(α3s) , (A.5)
where
t = 1− αs(µ)
4pi
β0L⊥ . (A.6)
A.2 Space-like splitting functions
The LO space-like splitting functions can be written as [103]
P (0)qq (z) = 2CF
[
pqq(z) +
3
2
δ(1− z)
]
,
P (0)gq (z) = 2CF pgq(z) ,
P (0)gg (z) = 4CA pgg(z) + δ(1− z)
(
11
3
CA − 4
3
TFNf
)
,
P (0)qg (z) = 2TF pqg(z) , (A.7)
where
pqq(z) =
1 + z2
(1− z)+ ,
pgq(z) =
1 + (1− z)2
z
,
pgg(z) =
z
(1− z)+ +
1− z
z
+ z(1− z) ,
pqg(z) = z
2 + (1− z)2 . (A.8)
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The NLO space-like splitting functions are [104, 105]
P (1)gq = CACF
[
− 4
3
(
8z2 + 15z + 36
)
H0 +
4
3
(
−17z − 22
z
+ 22
)
H1 − 8pgq(−z)H−1,0
+
4
9z
(
44z3 + 37z2 + (19 + 36ζ2)z + 9
)
+ 8pgq(z) (H1,0 +H1,1 +H2) + 8(z + 2)H0,0
]
,
P (1)gg = C
2
A
[(
268
9
− 8ζ2
)
1
(1− z)+ + 8
(
1
1− z − 2z
2 + 4z +
1
1 + z
)
H0,0
+ 8
(
2z2 − 1
1 + z
+ 4
)
ζ2 − 4
3
(
44z2 − 11z + 25)H0 + 16pgg(z) (H1,0 +H2)
− 2
9
(109z + 25) +
4
3
(9ζ3 + 8) δ(1− z)− 16pgg(−z)H−1,0
]
+NfCFTF
[
− 16(z + 1)H0,0 − 8(5z + 3)H0 + 16
3
(
5z2 + 6z +
1
z
− 12
)
− 4δ(1− z)
]
+NfCATF
[
8
9z
(
23z3 − 19z2 + 29z − 23
)
− 16
3
δ(1− z)− 16(z + 1)
3
H0
]
. (A.9)
A.3 Time-like splitting function
The LO time-like splitting functions are exactly the same as the space-like ones (the Gribov-
Lipatov reciprocity), while the NLO time-like splitting functions are given by [104, 105]
P T (1)qg = CATF
[
− 8pqg(−z)H−1,0 + 8pqg(z) (2H1,0 +H1,1 − 2H2)− 8
3
(
2z2 + 17z + 2
)
H0
+ (48z + 8)H0,0 − 4
3
(
10z2 − 10z + 11)H1 − 4
9z
(−178z3(95 + 36ζ2)z2 − 13z + 20)
]
+ CFTF
[
pqg(z) (−24H1,0 − 8H1,1 + 8H2 − 8ζ2) +
(−16z2 + 8z − 4)H0,0
+
(
8z2 + 8z − 10)H0 + (8z2 − 8z + 12)H1 − 2
3
(
60z2 − 69z + 36) ]
+NfT
2
F
[
16
3
(H1 −H0) pqg(z)− 16
9
(
4z2 − 4z + 5) ] ,
P T (1)gg = C
2
A
[(
268
9
− 8ζ2
)
1
(1− z)+ + 8
(
− 3
1− z + 2z
2 − 8z + 1
1 + z
− 4
z
)
H0,0
+
4
3
(
22
1− z − 22z
2 − 3z − 22
z
− 33
)
H0 + 8
(
2z2 − 1
1 + z
+ 4
)
ζ2
− 2
9
(109z + 25)− 16pgg(−z)H−1,0 + 4
3
(9ζ3 + 8)δ(1− z)− 16pgg(z) (H1,0 +H2)
]
+NfCATF
[
80
9
1
(1− z)+ +
16(2z3 − 3z2 + 3z − 2)
3z
H0 − 16
3
δ(1− z)
+
8(23z3 − 19z2 + 29z − 23)
9z
− 32
3(1− z)H0
]
+NfCFTF
[
16(z + 1)H0,0 +
8
3
(
8z2 + 21z +
8
z
+ 15
)
H0 − 4δ(1− z)
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+
16
9
(
− 41z2 + 27z + 23
z
− 9
)]
. (A.10)
A.4 Renormalization factors
Similar with Eq. (A.1), we define all the renormalization factors with the perturbative
expansion
Z(αs) = 1 +
∞∑
n=1
(αs
4pi
)n
Zn . (A.11)
In addition to the identical renormalization factors ZBg (b⊥, µ, ν) for TMDPDFs and TMDFFs,
the soft renormalization factor ZSg (b⊥, µ, ν) also enter our calculation,
Sbaregg (b⊥, ν) = ZSg (b⊥, µ, ν)Sgg(b⊥, µ, ν) . (A.12)
The first two orders of ZBg and Z
S
g are
ZB1 =
1
2
(
2γB0 − Γcusp0 LQ
)
,
ZB2 =
1
82
(
(Γcusp0 LQ − 2γB0 )2 + 2β0(Γcusp0 LQ − 2γB0 )
)
+
1
4
(
2γB1 − Γcusp1 LQ
)
,
ZS1 =
1
2
Γcusp0 +
1

(−2γS0 − Γcusp0 Lν) ,
ZS2 =
1
24
(Γcusp0 )
2 − 1
43
(
Γcusp0 (3β0 + 8γ
S
0 ) + 4(Γ
cusp
0 )
2Lν
)
− 1
2
(
2γS1 + Γ
cusp
1 Lν
)
+
1
42
(
Γcusp1 + 2(2γ
S
0 + Γ
cusp
0 Lν)(β0 + 2γ
S
0 + Γ
cusp
0 Lν)
)
. (A.13)
A.5 Renormalized TMD soft function
The exponentially regularized TMD soft function is given by [59]
Sgg(b⊥, µ, ν) = exp
{
αs
4pi
(
cs1 + c
⊥
1
)
+
(αs
4pi
)2 (
cs2 + c
⊥
2
)}
, (A.14)
where the scale-dependent terms are
cs1 =
Γcusp0
2
L2⊥ − L⊥
(
Γcusp0 LR + 2γ
S
0
)
+ 2γR0 LR ,
cs2 =
β0Γ
cusp
0
6
L3⊥ +
(
Γcusp1
2
− β0Γ
cusp
0
2
LR − β0γS0
)
L2⊥
+
((
2β0γ
R
0 − Γcusp1
)
LR − 2γS1 + β0c⊥1
)
L⊥ + 2γR1 LR , (A.15)
where LR = L⊥ + Lν with Lν = ln(ν2/µ2). The scale-independent terms are
c⊥1 = −2CAζ2 ,
c⊥2 = C
2
A
(
−67
3
ζ2 − 154
9
ζ3 + 10ζ4 +
2428
81
)
+ CANf
(
10
3
ζ2 +
28
9
ζ3 − 328
81
)
. (A.16)
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A.6 Bare TMD soft function
The bare zero-bin soft function is equivalent to bare TMD soft function,
S0b(b⊥, ν) = Sbaregg (b⊥, ν) = ZSg (b⊥, µ, ν)
[
Sgg(b⊥, µ, ν)|cs1 → cs
′
1 , c
⊥
1 → c⊥
′
1
]
, (A.17)
where we need to expand cs1 and c
⊥
1 to order O(2),
cs
′
1 = c
s
1 + CA
(
2L3⊥
3
− 2LRL2⊥ − 2ζ2 (L⊥ + LR)
)
+ 2CA
(
L4⊥
6
− 2
3
LRL
3
⊥ − ζ2
(
2L⊥LR + L2⊥
)− 4
3
ζ3 (2L⊥ + LR)
)
,
c⊥
′
1 = c
⊥
1 − CA
(

8
3
ζ3 + 
2 27
4
ζ4
)
. (A.18)
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